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Abstract
We discuss nonminimal couplings of fermions to the electromagnetic
field, which generically appears in models with extra dimensions. We
consider models where the electromagnetic field is generated by the
Kaluza-Klein mechanism. The nonminimal couplings contribute at
tree-level to anomalous magnetic and electric dipole moments of fermions.
We use recent measurements of these quantities to put limits on the
parameters of models with extra dimensions.
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The measurements of the electric and anomalous magnetic dipole mo-
ments of fermions provide a very stringent test of the Standard Model of
particle physics. The latest measurement of g − 2 of the muon [1] seems to
indicate a deviation from the Standard Model. The difference between the
experimental value and the theoretical value calculated in the framework of
the Standard Model is:
∆aµ = aµ(exp)− aµ(SM) = 43(16)× 10−10. (1)
For a theoretical review see [2]. This effect does not necessarily imply a
conflict with the Standard Model as there are theoretical uncertainties in
the calculations involving hadronic quantum corrections [3]. Interpretations
of this 2.6 σ effect were immediately proposed in different frameworks like
compositeness and technicolor [4], supersymmetry [5], extra dimensions [6],
massive neutrinos [7], leptoquarks [8], additional gauge bosons [9] and others
[10]. In this note we want to discuss the contribution to the electric and to
the anomalous magnetic dipole moments of fermions which arises due to the
nonminimal coupling
Sint =
∫
d4xFµνψ(A+Bγ
5)σµνψ (2)
of fermions to the electromagnetic field Fµν = ∂µAν−∂νAµ ( σµν = 14 [γµ, γν]).
This nonminimal coupling generically appears in Kaluza-Klein type theories
[11], e.g. Kaluza-Klein supergravity [12].
In different models with small, large and infinite extra dimensions [12, 13,
14] the space-time manifold is taken to be a product of the four-dimensional
Minkowski space M4 and a Riemannian manifold Kn. In a coordinate chart
(xµ, yα) on M4 × Kn, a general Lorentz-invariant metric can be written in
the form
ds2 = f(y)ηµνdx
µdxν + gαβ(y)dy
αdyβ, (3)
where ηµν is the four-dimensional Minkowski metric and gαβ is a metric on
Kn. Depending on the type of model under consideration, the observable
matter fields of the Standard Model of particle physics are either allowed
to propagate in the bulk, like in the conventional Kaluza-Klein theory and
in certain compactification schemes of higher-dimensional supergravity, or
confined to live on a four-dimensional surfaceM4 ⊂M4×Kn. In the former
case the typical size L of compact manifold Kn is restricted to be small
enough, so that the energy scale of Kaluza-Klein excitations of Standard
Model particles M ∼ L−1 is higher than the experimentally reachable one,
M ≥ 1 TeV. In the latter case the size of Kn can be large and even infinite.
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If the manifold Kn possesses a nontrivial isometry group G, perturbations
of the background metric (3) which have the form
gAB =
(
f(y)ηµν + gαβA
α
µA
β
ν gαβA
β
µ
gαβA
β
µ gαβ
)
(4)
where the vector fields Aαµ
Aαµ = A(p)µ ξα(p) (5)
are proportional to Killing vector fields ξα(p), p = 1, .., dim G. One can, in prin-
ciple, interpret these fields as observable gauge fields of the Standard Model
if the group G contains SU(3)×SU(2)×U(1) as a subgroup. In this case the
minimal dimension of the compact manifold Kn is n = 7 [15]. Seven dimen-
sional compact manifolds with such isometry group were extensively studied
and classified in the context of compactifications of eleven-dimensional su-
pergravity [12].
In general, in models with large or infinite extra dimensions, when all
the fields of the Standard Model are supposed to be localized on a four-
dimensional brane, the fields Aαµ cannot be related to the Standard Model
gauge fields since they are generally not confined to the brane M4. But,
it turns out that a certain subset of these fields, which is associated to the
symmetry of rotations around the brane can be naturally localized on the
brane in models with warped extra dimensions (that is, when f(y) 6= 1) [16].
Thus, with some modifications, Kaluza-Klein’s idea of relating gauge fields
to isometries of higher-dimensional space-time can also be implemented in
this type of models.
If the observable electromagnetic field originates from isometries of higher-
dimensional space-time, it differs from the electromagnetic field of Maxwell
theory in a crucial point. Although this field is minimally coupled to scalars,
the coupling to spin-1/2 fields contains nonminimal terms (2), [11]. This
coupling results in an additional contribution to the anomalous magnetic
moment (if A 6= 0) and to the electric (if B 6= 0) dipole moment of fermions.
The term proportional to γ5 is T and P violating.
In the simplest (unrealistic) five-dimensional Kaluza-Klein theory the pa-
rameters A and B are determined by the five-dimensional gravitational con-
stant G5 and the size L of the only extra dimension. G5 and L are, in turn,
expressed through the four-dimensional gravitational constant G4 ∼ 10−38
GeV−2 and four-dimensional fine structure constant αQED ∼ 10−2. An
order-of-magnitude estimate shows that the contribution of the nonminimal
coupling (2) to the anomalous magnetic moment and to the electric dipole
moment is, in this case, too small to be experimentally detected.
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In higher dimensional theories the parameter space is richer and, as we
will show below, the strength of the anomalous coupling (2) depends not
only on the geometry of Kn and the 4+n-dimensional gravitational constant
G4+n but also on the form of the fermion zero modes on K
n which give
rise to the observable four-dimensional fermions. In this case, the available
experimental data on anomalous magnetic and electric dipole moments can
provide certain restrictions on parameters of higher-dimensional theory.
Couplings of Kaluza-Klein gauge fields to the fermion fields can be found
from the higher-dimensional Dirac action
SD = i
∫
d4xdny(detEMˆN ) ΨΓ
ADAΨ (6)
where EMˆN is the vielbein field (hat denotes the local Lorentz indexes and the
bulk metric is expressed through the vielbein as gAB = E
Cˆ
AE
Dˆ
B ηCˆDˆ where ηCˆDˆ
is 4 + n-dimensional Minkowski metric). The curved space gamma matrices
ΓA are related to the flat space ones as ΓA = EA
Bˆ
ΓBˆ where {ΓBˆ,ΓCˆ} = 2ηBˆCˆ .
The covariant derivative of Dirac spinor is defined as
DAΨ = ∂AΨ+
1
2
ωBˆCˆA σBˆCˆΨ, (7)
where ωBˆCˆA is the spin connection expressed in a standard way through deriva-
tives of the vielbein and σBˆCˆ =
1
4
[ΓBˆ,ΓCˆ ] is generator of local Lorentz rota-
tions.
The U(1) gauge group of electromagnetism is a one-parametric subgroup
of the isometry group G generated by a Killing vector field ξαU(y). Taking a
coordinate y1 = θ along the integral curves of ξαU(y) we can write the metric
(4) as
gAB =


f(ya)ηµν + ϕAµAν ϕAµ 0
ϕAµ ϕ 0
0 0 gab

 (8)
where ϕ = ϕ(ya), a = 2, .., n, since the metric coefficients do not depend on
θ.
Taking the coordinate vielbein for the metric (8) we have
ΓADAΨ =
1√
f
Γµˆ(∂µ − Aµ∂θ)Ψ + 1√
ϕ
Γθˆ∂θΨ
+Γa
(
Da +
f,a
f
+
ϕ,a
4ϕ
)
Ψ+
√
ϕ
8f
FµνΓ
µˆΓνˆΓθˆΨ (9)
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where Da is the covariant derivative with respect to the metric gab. We take
Ψ of the form
Ψ = eiqθψ(x)χ(ya) (10)
where q is an integer. ψ is a four-dimensional spinor which satisfies the
massless Dirac equation
iΓµˆ∂µψ = 0 (11)
and χ is a n-dimensional spinor which obeys
iΓa
(
Da +
f,a
f
+
ϕ,a
4ϕ
)
χ− q√
ϕ
Γθˆχ = 0 (12)
For such configurations the action (6) reduces to
S =
∫
dnyf 2
√
ϕ|gab||χ|2
∫
d4xψ
[
i√
f
Γµˆ(∂µ − iqAµ) + i
√
ϕ
4f
Fµνσ
µˆνˆΓθˆ
]
ψ (13)
We can take Γµˆ = γµ,Γθˆ = γ5 where γµ, γ5 are conventional four-dimensional
gamma matrices. The 4 + n-dimensional spinor Ψ must be normalized with
respect to the norm
〈Ψ,Ψ〉 =
∫
d4xdny
√−g ΨΓ0Ψ, (14)
which yields the following normalization condition for the n-dimensional
spinor χ ∫
dnyf 3/2
√
ϕ|gab||χ|2 = 1. (15)
From (13) we see that the nonminimal coupling of the fermion field to Aµ
has the form
Sint = Rχ
∫
d4xψFµνσ
µνγ5ψ (16)
with
Rχ =
1
4
∫
dnyfϕ
√
|gab||χ|2. (17)
Note, that the strength of the nonminimal coupling depends on the higher-
dimensional profile χ of the fermion zero mode and, therefore, it can be
different for different fermions. The interpretation of Rχ depends on the
particular model under consideration. For example, in models with large
or infinite extra dimensions and localized Kaluza-Klein gauge fields [16], Rχ
characterises the size of the region where the fermion Ψ is localized.
In the absence of Fµν , the action (13) is invariant under chiral rotations
Pψ = e−iαγ
5
ψ (18)
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where α is an arbitrary angle. Until we provide a particular mechanism
by which the fermion field ψ gets a mass, we have no definite prescription
for fixing α. For example, in the five dimensional Kaluza-Klein theory the
term proportional to Γθˆ∂θΨ in (9) can be interpreted as a mass term after a
α = pi/2 chiral rotation (18). The anomalous term transforms as
P †
(
iγ0σµνγ5
)
P = γ0(sin 2α + iγ5 cos 2α)σµν (19)
under the chiral rotation (18). Thus, in general, the anomalous coupling (16)
is
Sint = e
∫
d4xFµνψ(Rχ sin 2α + iRχ cos 2αγ
5)σµνψ, (20)
where e is the electron charge (we have adopted the usual normalization for
the electromagnetic field). The parameters A and B (2) are respectively
A = eRχ sin 2α (21)
B = eRχ cos 2α.
As mentioned previously, this term gives a contribution to the anomalous
magnetic moment of the leptons as well as to their electric dipole moments.
The contributions of this nonminimal coupling to the anomalous mag-
netic moment of a fermion and to its electric dipole moment can be deduced
directly from (20). One gets
aKKψ = Rχmψ sin 2α (22)
for the anomalous magnetic moment of the fermion and
dKKψ =
e
2
Rχ cos 2α (23)
for the electric dipole moment the fermion. The mass of the fermion is
denoted by mψ.
We shall first discuss the electric dipole moment. The electric dipole
moment of the electron and of the muon have been measured very precisely
[17]
d expe < (0.18± 0.12± 0.10)× 10−26e− cm, (24)
d expµ < (3.7± 3.4)× 10−19e− cm. (25)
The same precision has not been achieved for the τ -lepton:
d expτ < 3.1× 10−16e− cm. (26)
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Using the experimental data, one gets
Re cos 2α < 4.6× 10−14 GeV−1 (27)
for the electron,
Rµ cos 2α < 9.4× 10−6 GeV−1 (28)
for the muon and
Rτ cos 2α < 7.9× 10−3 GeV−1 (29)
for the τ -lepton. Note that Rχ (17), χ = e, µ, τ , can take different values for
different fermions. The best limit is obtained for the electron electric dipole
moment.
We now consider their anomalous magnetic moments. Let us first consider
the electron. The value of the anomalous magnetic moment of the electron
predicted by the Standard Model is strongly dependent on the value of the
fine-structure constant [18]. Typically one gets
∆ae = ae(exp)− ae(SM) = 34(33.5)× 10−12, (30)
taking the fine-structure constant from the quantum Hall effect measurement.
Thus we get
Re sin 2α <
∆ae
me
= 6.7× 10−8 GeV−1. (31)
In the case of the muon, we can interpret the observed deviation (1) as
an effect of the nonminimal coupling. One obtains the following constraint
for the product Rµ sin 2α
Rµ sin 2α ≤ ∆aµ
mµ
= 4× 10−8 GeV−1. (32)
Besides the magnitude of the deviation from the Standard Model prediction
for the anomalous magnetic moment, its sign is of crucial importance. This
sign depends on the angle α (18) which is determined by the fermion mass
generating mechanism. Therefore, one gets a constraint on model building
α ∈ [0, pi
2
]. One cannot obtain constraints from the anomalous magnetic
moment of the τ -lepton.
From the above estimates we see that the magnitude Rχ (16) of the
nonminimal coupling of fermions to the electromagnetic field is less than
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or of the order of 10−21 cm. Remember, that Rχ characterises the higher-
dimensional profile of a fermion. For example, in the models with large extra
dimensions it is an estimate of the size of the region where the fermions are
localized (“thickness” of the brane).
We would like to point out that a term (2) arises also for neutrinos. Thus,
neutrinos are expected to have a magnetic moment. Using the available limit
[17] for the magnetic moment of an electron-type neutrino, one gets
Rν sin 2α < 3× 10−7 GeV−1. (33)
A similar constraint is obtained for the µ-type neutrino. More stringent
limits can be obtained from astrophysical considerations [20].
It is important to note that in models with large extra dimensions, there
are extra contributions to the anomalous magnetic moment which come from
Kaluza-Klein excitations of bulk fields (e.g. bulk gravitons) [6, 19] which can
result in effects of the same order-of-magnitude as (1).
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